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Geometrically Exact, Intrinsic Theory for Dynamics
of Curved and Twisted Anisotropic Beams

Dewey H. Hodges*
Georgia Institute of Technology, Atlanta, Georgia 30332-0150

A formulationis presented for the nonlineardynamics of initially curved and twisted anisotropicbeams. When the
applied loads at the ends of, and distributed along, the beam are independent of the deformation, neither displace-
ment nor rotation variables appear: an “intrinsic” formulation. Like well-known special cases of these equations
governing nonlinear dynamics of rigid bodies and nonlinear statics of beams, the complete set of intrinsic equations
has a maximum degree of nonlinearity equal to two. Advantages of such a formulation are demonstrated with a
simple example. When the initial curvature and twist are constant along the beam, two space-time conservation
laws are shown to exist, one being a work-energy relation and the other a generalized impulse-momentum relation.
These laws can be used, for example, as benchmarks to check the accuracy of any proposed solution, including
time-marching and finite element schemes. The structure of the intrinsic equations suggests parallel approaches
to spatial and temporal discretization. A particularly simple spatial discretization scheme is presented for the
special case of the nonlinear static behavior of end-loaded beams that, by virtue of the Kirchhoff analogy, leads to
a time-marching scheme for the dynamics of a pivoted rigid body in a gravity field. This time-marching scheme
conserves both the angular momentum about a vertical line passing through the pivot and total mechanical energy,
whereas the analogous spatial discretization scheme for the nonlinear static behavior of end-loaded beams satisfies
analogous integrals of deformation along the beam span. Remarkably, a straightforward generalization of these
discretization schemes is shown to satisfy both space-time conservation laws for the nonlinear dynamics of beams
when the applied loads are constant within a space-time element.

omenclature m = column matrix with elements m;
N lat )\ t th el t
B, it eCTorx et oSS ectionaltrame m = distributed applied moment vector per unit length
of deformed beam along beam
b; = unit vectors fixed in cross-sectional frame m; = m:B; L
of undeformed beam P = column matrix with elements P;
R i E— p = vector of cross-sectionalinertial linear momentum
C = direction cosine matrix with elements C;; I T 5
Cy = B-b ‘ ~ crosssecti ibili i
e = (100 R, S, T = cross-sectional (3 x 3) flexibility coefficient
F = column matrix with elements F; matrices; Eqs. (3) and (4)
F = cross-sectionalstress resultant force vector T = kinetic energy per unit length
F, = F-.B t, b = arbitrary instants in time
L - L . .
f = column matrix with elements f; u = strain energy per unit length
f = distributed applied force vector per unit length . = column matrix with elementsu;
along beam u = displacement vector of reference line
f; f-B u; = u-b
H = column matrix with elements H, \%4 = column matrix with elements V;
H = cross-sectionalinertial angular momentum vector v = inertial velocity vector of reference line
H, - HB Vi A .
1 = cross-sectional (3 x 3) inertia matrix o = 10 X2 X3 )
ir,i3, iy = cross-sectional mass moments and product X5, X3 = position coordinatesalong b,, b5 from reference
of inertia line to cross-sectionalmass centroid
o - T
K = column matrix with elements K 4 = lyu 2}/12 2V13J. )
K = deformed beam curvature and twist vector Y = extensionalsstrain of the reference line
K, - KB, 2y12,2y13 = transverse shear strain measures
L - L .
k = column matrix with elements k; of the reference line
k = undeformedbeam curvature and twist vector A = identity matrix (3 x 3)
k; = kb K = column matrix with elements «;
M = column matrix with elements M; ki = Ki—k .
M = cross-sectionalstress resultant moment vector [ = mass per unit length
M, M -B, Q = column matrix with elements €2;
L L . . .
Q = inertial angular velocity vector of deformed beam
Received 28 June 2002; revision received 12 January 2003; accepted for _ goss-sectlonal frame
publication 22 January 2003. Copyright © 2003 by Dewey H. Hodges. $2i - “B;
Published by the American Institute of Aeronautics and Astronautics, Inc.,
with permission. Copies of this paper may be made for personal or internal Superscripts
use, on conditionthat the copier pay the $10.00 per-copy fee to the Copyright
Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923; include : = 9()/ot
the code 0001-1452/03 $10.00in correspondence with the CCC. / = 90)/dx _ _
*Professor, School of Aerospace Engineering; Dewey.Hodges@ AE. ~ = antisymmetric 3 x 3 matrix associated
GaTech.edu. Fellow AIAA. with a column matrix; Eq. (2)

1131



1132 HODGES

Introduction

HE intrinsic form of the geometrically exact, nonlinear equa-

tions of equilibrium for beams has been established for well
over a century, going back to Kirchhoff and Clebsch (see Ref. 1).
Their classical formulation, which includes extension, twist, and
bending, was extended to include transverse shear deformation by
Reissner? The equations of motion for the dynamics of beams ap-
pear to have first been written in intrinsic form in Ref. 3. These
equations were solved in displacement form. Later, a mixed for-
mulation was created based on the intrinsic motion and constitu-
tive equations, both spatial and temporal,* with spatial and tem-
poral kinematic equations adjoined by Lagrange multipliers. This
formulation has been used, for example, in the analysis of fixed-
wing aeroelasticity?® as well as helicopter rotor dynamics and
aeroelasticity’-® The advantagesincludelow-ordernonlinearitiesin
the equations of motion and the absence of displacementand finite
rotation variables from the equations of motion. Still, the adjoined
kinematical equations must contain displacementand finite rotation
variables to be used. Although one may find that having such vari-
ablesappear only in a subsetof the equations s an attractivefeature,
the kinematicalequations must containinfinite degreenonlinearities
unless Euler parameters or the directioncosines themselvesare used
as finite rotation variables. These latter approaches add more rota-
tional variables and more Lagrange multipliers, thus creating more
unknowns. Finally, the high-order nonlinearities and/or additional
unknowns inherent in these approaches make analytical solutions
more laborious.

This paper presents an alternative approach, one in which dis-
placement and finite rotation variables do not appear. Of course,
they or a subset of them can be added to the formulation to make
possible their recovery; even so, depending on the problem, it may
be possible to avoid nonlinearitiesof order greater than two and still
have fewer equations and unknowns than would be necessary for
the usual approach applied to the most general case.

The paper is organized in the following way. First, the intrinsic
formulation for beams is reviewed, including the equations of mo-
tion, the spatial and temporal constitutive equations, and the spatial
and temporalkinematical equationsneeded to close the formulation.
From a special case of the kinematical equations used in Ref. 4,
the intrinsic kinematical equations are derived. Advantages of this
formulation are demonstrated with a simple example. The equa-
tions are then used to obtain two space-time conservation laws.
The remainder of the paper deals with discretization schemes. A
simple discretization scheme for the nonlinear statics of an end-
loaded beam is presented that, by virtue of the Kirchhoff analogy,
gives rise to a time-marching scheme for the dynamics of a rigid
body. The relationship of these schemes to integrals of the mo-
tion or deformation is then discussed. Finally, these discretization
schemesare generalizedto forma space—time discretizationscheme,
the relationship of which to the space—time conservation laws is
presented.

Intrinsic Formulation for Beams

Equations of Motion

Consider an initially curved and twisted beam of length £ un-
dergoing finite deformation as shown in Fig. 1. The displacement
vector beam of the reference line is denoted by u(x,, t), where x,
is the running length coordinate along the undeformed beam axis
of cross-sectional centroids . The orthogonal set of basis vectors
for the cross section of the undeformed beam is denoted by b; (x1),
where b, is chosen to be tangent to the reference line. The orthogo-
nal set of basis vectors for the cross section of the deformed beam is
denoted by B; (x|, t), where B is notin general tangent to the refer-
ence line of the deformed beam R. The direction cosines are denoted
as C;;(x;, 1) =B; - b;. Note that when the beam is in its undeformed
state these two sets of unit vectors coincide, so that C reduces to the
identity matrix. The warping of the cross section, both in and out
of its original plane, is taken into account in the calculation of the
cross-sectional constitutive law, discussed hereafter, such that the
warping displacement is not constrainable at the boundaries. This
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Fig. 1 Schematic of initially curved and twisted beam undergoing
finite deformation, including cross-sectional warping.

constitutive law is, thus, suitable only for beams with closed cross
sections.

The equations of motion in matrix form, as derived in Ref. 4, are
given by

F' +KF+f=P+QP
M + KM + (é, +7)F +m =H + QH + VP )

where the prime denotes the partial derivative with respect to the
axial coordinate x; and the overdot denotes the partial derivative
with respect to the time #; column matrices F = |F, F, F;]T,
M=|M M, M3JT, Y=Ly 2y 2}/13JT, K=K, K, K3JT,
P=|P P, P3|, H=|H, H, H;]T, V=V, V, V;]7, and
Q=12 Q0 BT =LA f HlTandm=mg my ms]7;
is theextensionalstrainmeasure,and 2y, and 2y,; are the transverse
shear measures; and, finally, the tilde over certain terms denotes an
antisymmetric matrix of the components of the column matrix of
the same name, namely,

{ 0 -K; K, —I
£=| kK, 0o =k 2)
L—Kz K, 0 J

All of theunknownsare functionsof x; andz. Itis helpfultorelate the
various column matrices to their associated vector quantitiesand the
cross-sectionalbasis vectorsof the undeformedand deformedbeam.
The various indexed scalar variables have the following meanings:
F;=F-B; with F(x,, t) being the resultantforce of all tractions on
the cross-sectionalface ata particularvalue of x; along the reference
line, M; =M - B; with M (x, t) being the resultant moment about
the reference line at a particular value of x; of all tractions on the
cross-sectionalface, K; = K - B; with K (x|, t) being the curvatureof
the deformed beamreferenceline at a particularvalue of x; such that
B: =K x B;, V; =V - B; with V(x,, t) being the inertial velocity of
a point at a particular value of x; on the deformed beam reference
line, ; =Q - B; with £(x,, ) being the inertial angular velocity
of the deformed beam cross-sectionalframe such that B; = x B;,
P; =P B; with P(x|, t) being the inertial linear momentum of the
material points that make up the deformed beam referencecross sec-
tion at a particular value of x|, H; = H - B; with H(x, t) being the
inertial angular momentum of all of the material points that make
up a reference cross section of the deformed beam about the refer-
ence line of that cross section at a particular value of x;, f; =f - B;
with f(x;, ) being the applied distributed force per unit length, and
m; =m - B; withm(x,, t) being the applied distributed moment per
unit length. More details are given in Ref. 4.

Constitutive Equations
It is not necessary to retain all of the variables in Eq. (1). For
the purposes of the present discussion, the generalized strains and
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momenta will be eliminated. For small strain, constitutiveequations
implied in Ref. 4 are linear and are here written in the form

Y _Rn R Rz S S 513_ F
2y1n Ry Ry Ry S Sn Si F,
2y13 _ Riz Ry Rz S35 Sn S F; 3)
K\ Sn Su S T T T M,
K> S Sn Sn T Tn Tn M,
K3 | Siz S Sy Ty Ty T i M;
The coefficients Ry, Ry, . .., T3; are cross-sectionalflexibility co-

efficients that can be obtained from a variety of means.”!® This
equation may also be written as

Cl-le Ao

Similarly, the generalized momentum—velocity relations* are

Py 1% 0 0 0 UX3  —[Xy Vi
P, 0 m 0 —puxs O 0 V,
P, 0 0 u pwh 0 0 Vs
BT 0  —uk pk b+is 00 Q
H, uk 00 0 iy i szz
H, | —u® 00 0 in i ||
(5)

where X, and x5 are offsets from the reference line of the cross-
sectional mass centroid; and i, i3, and i,3 are cross-sectional mass
moments and product of inertia. This equation may also be written

R N P T

Closing the Formulation

As developed in Ref. 4, the formulation was closed by the use of
a set of kinematical relations. This was undertaken by means of the
introductionof displacementvariablesu = [u; u; us] T and a suit-
able set of angular displacementmeasures. For the latter, Rodrigues
parameters were previously used (see Ref. 4), but here the change
in orientation s left in terms of the direction cosine matrix C. The
kinematical relations are a set of generalized strain—-displacement
equations that relate y and « to u and C and a set of generalized
velocity-displacementequations that relate V and 2 to u and C.

Generalized Strain-Displacement Equations
The generalized strain—-displacement relations are of the form

y =Clei+u' +ku)— e ()
k=—CCT+CkCT —k (8)
where k =K —k and k= |k, k, k3|7, and k(x;) is the initial

curvature/twist vector at x;, such that b; =k x b;. Thus, k; is the
initial twist and k, and ks are the initial curvature measures.

Generalized Velocity-Displacement Equations
The generalized velocity—-displacement relations are of a similar
form, namely,

V = Cu )
Q=-CccT (10)

Note that the terms in the generalized velocity-displacementrela-
tions of Ref. 4 related to the frame motion have been set equal to

zero. This means that the displacement and rotation measures are
relative to an inertial frame and that the unit vectors b; are fixed in
that frame.

Derivation of Intrinsic Kinematical Equations

The derivation of intrinsic kinematical equations can be un-
dertaken by careful elimination of all displacement and rotation
variables from the generalized strain- and velocity-displacement
equations. The detailed operations closely resemble the develop-
ment of the transpositional relations in Ref. 4 and are only out-
lined here. Starting with differentiationof 2 with respectto x;, one
obtains

Q=-cc’-cc” (11)
Similarly, differentiation of ¥ with respect to ¢ yields
k=-C'C" —C'C" + CkC" + CkC" (12)

These equations involve C’, which can be expressed in terms of K
using Eq. (8), and C, which can be expressed in terms of € using
Eq. (10). Both equations contain C’, which can be eliminated with
algebraic manipulation to yield a single relation between €’ and «
that, when simplified, is given by

Q+KQ=x (13)
Inasimilarmanner, V is differentiatedwithrespectto x,, yielding
Vi=Cu+Cu (14)

and y is differentiated with respect to 7, leading to
y = Cle; +u' + ku) + C @' + ki) (15)

This time, t = CTV and (e, +u’ + lgu) =CT(e; +y) are used, and
again Egs. (8) and (10) are used to eliminate C" and C, respectively.
Now, one can eliminate #’ and find a single relation between V' and
y , namely,

V+KV+@E+7)Q=y (16)

Eqgs. (1), (4), (5), (13), and (16) constitute a closed formulation.
The elegance of the formulation is striking, especially with regard
to the similarity in structure of the left-hand sides of Eqs. (1a) and
(13) and Egs. (1b) and (16). Moreover, this formulation can actually
be used in the solution of a variety of problems. For example, for
situations in which the applied loads f and m and the boundary
conditionson F, M, V, and Q are independent of # and C, these
equations allow the solution of nonlinear dynamics problems with-
out finite rotation variables. Because these variables are frequently
the source of the highest degree nonlinearitiesand a possible source
of singularities or of the need for Lagrange multipliers or trigono-
metric functions, the ability to avoid finite rotation variables can
be quite advantageous. Finally, this formulation leads to explicit
expressions for two conservation laws, one of which is difficult to
obtain in other ways. These laws may have practical applications
in the development of computational algorithms. Before this aspect
of the formulation is explored, an example is presented showing
advantages of the formulation for stability problems involving non-
conservative forces.

Example Showing Advantages
of the Intrinsic Formulation

In this section, the utility of the fully intrinsic formulation will be
addressedfor problemsinvolvingnonconservativeforces. The prob-
lem of Refs. 11 and 12 recentlyrevisited,”*!* providesan interesting
illustration of the utility of the subject methodology for follower-
force problems. In this problem, a cantilevered beam is loaded with
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Fig. 2 Schematic of beam under transverse follower force.

a transverse follower force at its tip, as shown in Fig. 2. When a
prismatic and isotropic beam is considered with the mass centroid
coincidentwith the reference line and the principal axes of the cross
section found along the b, and b3 directions, the constitutive law
becomes

o _
— 0 0 0 0 0
EA
0 ! 0 0 0 0
Y GA, F
2y12 1 F,
0 0 — 0 0 0
2y13 _ GA; F;
K1 1 M,
0 0 0 — 0 0
K> GJ M,
1
£ 0 0 0 0o — o |
El
1
0 0 0 0 0o —
i EI,

a7

and the cross-sectional generalized momentum—velocity relations
are

P, [ 000 0 0 0] (W
P, 0 wu O 0 0 0 V,
P; 0 0 u 0 0 0 V3
= A (18)
I{1 0 0 0 iy + I3 0 0 Q]
H, 0 0 O 0 ip 0 Q,
H, 0 0 O 0 0 i Q;

These relations,along with an exactlinearizationof Eqgs. (1), (13),
and (16), are used to produce governingequationsfor the stability of
small motions aboutthe staticequilibriumstate.Ignoringrotary iner-
tia (i, = i3 = 0) exceptin the torsionalequation, consideringinfinite
axial and shearing rigidities [1/(EA) =1/(GA,) =1/(GA3) =0],
and letting V (x;, £) =V (x;) + V (x, t) and similarly for all other
variables, one obtains the following equations, linearized in the
quantities with a carat superscript:

M + My My(1/EL — 1/EL) — (iy +i3)Q, = 0
M} — MyM,(1/GJ — 1/EIy) — F5 =0
B+ FyW1,/GI — FyMy EL — pVy =0
Q) — My, /EL, — M,/GI =0
Q) + M3, JEI; — 1&512/1912 =0

Vi+Q,=0 (19)

where the equilibriumstateis governedby three first-orderequations
given by

F| — M3F,/El; =0, F)+ M3F,/El; =0

M+ Fy =0 (20)

The compactness and ease of derivation are noteworthy, as are the
elegance and symmetry of the final equations. To appreciate the
simplicity of the preceding formulation, one should compare it with
the equations of Ref. 14. It is clear that the present formulation is
considerably simpler. The simplicity of the present formulation for
this problem stems from the boundary conditions’ being indepen-
dent of displacementand orientation variables, a property typical in
follower-force problems.

Note that the present formulationwill provide a simple alternative
for some aeroelastic flutter analyses, although,in such cases, at least
one measure of orientation may be needed. This normally can be
done without the introduction of a full set of orientation angles
or parameters because only one direction needs to be specified to
calculatethe angle of attack. The directioncosines for that direction,
a 3 x 1 column matrix ¢, are all one need introduce; their spatial
derivativescan be related to the curvaturemeasures as ¢’ + K ¢ =0.

Conservation Laws for the Intrinsic Formulation

In this section, the conservationlaws will be developed. To do so,
an inverse form of Eq. (4) is helpful, which can be written as

lul=[o 2 ) ()

where the associated strain energy per unit length can be written as

1 yU'TR STy
1 I B

Similarly, the momenta can be written as

R

H wx Q 97\ "
FIe)

with the kinetic energy per unit length given by

T =
T e
nx 1 Q

The approach for development of the conservation laws involves
three steps:

1) Premultiply the equations of motion, Egs. (1), by the trans-
pose of either column matrix [VT QT ]7 or [(e, +¥)T KT|T,and
integrate the result over space and time.

2) Integrate the resulting expression by parts to bring ¢/ and 7
into evidence.

3) Simplify the expressions using the space—time compatibility
equations (13) and (16).

The first conservationlaw is derived by premultiplying the equa-
tions of motion by |VT QT |7, which leads to

123 12
ff{VT(F’+1€F+f—P—QP)+QT[M’+1€M
1 0

+(@ +7)F+m—H—QH— VPl}dx, df =0 (25)
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Integration by parts yields
2] l
/ / {-VTF+VI(KF + f) - Q™M
1 0

+QT[KM + @, + 7)F +m]} dx, dt

n 12
+/ (VTF+S2TM)dt|z—/ T dx, il =0 (26)
1 0
Afteruse of Eqs. (13) and (16) to eliminate V' and ' and a remark-
able series of cancellations,one obtains

n pt n
/ / (VTf+QTm)dx1dt+/ (VIF +Q"M)de]|
1 0 n

1

4
_ / (T +Uyax, |? @)
0

The first term is clearly the work done by all applied forces and
moments along the beam between times #; and f,, and the second
term is the work done by the forces and moments at the ends of the
beam between times #; and #,. The sum of these terms must equal
the change in total mechanical energy, the term on the right-hand
side. This conservation law is of the form that one should expect.
Note that, both in this conservationlaw and the one to follow, £ can
also be considered the length of a finite element.

Another conservation law can be found by again following the
procedure just spelled out, except this time premultiplying by
Le; +y)T KT]T. The result from step 1 is

123 12
/ / {ei + ) (F +KF+ f—P—QP)+K'[M + KM
1 0

+@ +7)F+m—H—QH~-VP}dx dt =0 (28)

Integration by parts and simplification subject to the restriction that
k is constant yields

123 12
/ / [VTP+i"H + (e, + ) (f — QP)
1 0

n
+K"(m — QH — VP)|dx, dt+/ (el F+ k™M +U) dr]|

1

12
—/ [+ P+ K H]dx | =0 (29)
0

Eliminating y and « using Eqs. (13) and (16), and aftercancellations
similar to those in the derivation of Eq. (27), one finds

n pt n
/ / [(er +y)Tf+KTm]dx1dt+/ (eI F+k™
1 0 n

5

¢
+U+T) dt|i =/ [(er +y)TP+KTH]dx1|: (30)
0

The first term is a sort of generalized impulse of all forces and
moments along thebeambetweentimes#, and #,, whereas the second
at least appears to relate to the generalized impulse applied at the
ends of the beam between times #; and #,. The presence of the
mechanical energy per unit length in this term, however, makes its
identification problematic. The law states that the total of these must
equal to the change in the generalized momentum expressionon the
right-hand side from #, to #,.

Equations (27) and (30) are the conservationlaws that were to be
derived in this section. They can be used as benchmarks to evaluate
the accuracy and self-consistency of any approximate solution, as
well ascriteriain the developmentofenergy-preservingor -decaying
discretization schemes for nonlinear structural dynamics. (See, for
example, Refs. 15-18 and related work cited therein.)

Applications of the Conservation Laws

In this section, the utility of these conservationlaws will be illus-
trated as applied to the discretized analysis of the statics of beams,
the dynamics of rigid bodies, and the nonlinear dynamics of beams.

Kirchhoff Analogy

The Kirchhoff analogy is described by Love! in terms of a prob-
lem posed for rigid-body dynamics, the governing equations of
which are exactly those of an inextensible beam undergoing static
deformation. Although the former is normally posed as an initial-
value problem, the latter is a two-point boundary-value problem.
However, mathematically, both problems can be posed either way.

Nonlinear Statics of Beams

The nonlinearequationsof equilibriumfor aninitially straightand
untwisted beam (k = 0) that is rigid in extension and shear (y =0)
and is subjected only to end loads (f =m =0) are

F +RF =0, M +iM+&F =0 (31)

The constitutive law can be reduced to
M =T"x =Dk (32)

where D = T~! is taken as constantalong the beam, and the orien-
tation of each cross-sectional frame can be expressedin terms of C,
where

C'=-kC (33)

The boundary conditions are for the end loads F(0)= F and
M(0)= M, where F and M are constant 3 x 1 column matrices.
Here, F' contains the measures in the B; basis of a known applied
force for which the measures in the b; basis remain as constant as
the beam deforms, that is, a dead force. The solution to the force
equation is, thus, easily shown to satisfy the relation

F=CCO)TF (34)

which indicates, as expected, that the cross-sectionalforce resultant
has a constantdirectionin the inertial frame. A clamped boundary at
the other end yields a two-point boundary-valueproblem for which
C)=0.

The first conservation law, Eq. (27), is identically satisfied,
whereas the second conservation law, Eq. (30), when specialized
for this static example and for f =m =k =0, requires that along
the beam

el F +U = const (35)

This law and its extension to initially curved and twisted beams
was discussed by Love! and referred to as an energy integral of the
deformation.

In addition to the energy integral of the deformation, another
integral can also be shown to exist. One first premultiplies the force
equation by MT and adds to the result the moment equation pre-
multiplied by FT. Because all other terms cancel, the result is that
(MT F)' =0, or that, along the beam

M"F = const (36)

This integral reflects that the section force vector F, which is con-
stant along the beam, is everywhere perpendicular to changes in
the section moment vector M along the beam. In other words, the
component of section moment that is parallel to the section force
remains constant along the beam. This integral can not be derived
from either of the two conservationlaws just derived.

Itisinterestingthat some discretizationschemes will satisfy these
in each element, whereas others will only approach the satisfaction
of them as the mesh is refined. The way in which a particular dis-
cretization scheme will satisfy these relations may have an effect
on the quality of the scheme. To the best of the author’s knowledge,
however, this subject has not been investigated.



1136 HODGES

Dynamics of Rigid Bodies

Kirchhoffdiscovered that, regarding the prime as the time deriva-
tive, Eq. (31) is exactly Euler’s dynamic equation for a rigid body
that 1) is free to rotate about an inertially fixed point O, 2) is sub-
jected only to a dead force W = W;b; (for example, a gravitational
force) passing through a point offset from O by zB;, where z and
W; are constants, 3) has an inertia matrix for O expressed in the
body-fixed reference frame given by D, 4) has inertial angular ve-
locity measures k when expressed in the body-fixed frame, and 5)
has measures of inertial angular momentum about O, expressed in
the body frame basis, given by M.

To further elaborate on the loading, this means that in matrix
notation F = —zC W, so that

F' =—zC'W =zkCW = —kF (37)

as required by the first of Eqgs. (31). The boundary conditions on
force and moment for the beam are initial conditions on the applied
load and angular momentum for the body. One may specify the
direction cosines C (0) and time march to an arbitrary time.

With regard to the integrals of deformationin Egs. (35) and (36),
for the rigid-body analog, the const. in both cases now means con-
stantin time. Equation (35) now has the significance of conservation
of total mechanical energy, which is the sum of the rotational ki-
netic energy of the body ¢/ about O and potential energy of the
appliedload e] F. Equation (36) now stipulates conservationof the
angular momentum of the body about a line passing through O and
parallel to W.

Discretization Schemes That Satisfy Specialized Conservation Laws

Given Kirchhoff’s analogy, it really does not matter whether one
considers discretization in space of the equations for the statics of
beams or discretizationin time of the equations for the dynamics of
arigid body. With regard to the static behavior of a beam, the most
straightforward discretizationis a simple finite difference scheme,
such that, on the interior of a beam segment, F' and M are approxi-
mated as averages of the nodal values on the left and right, denoted
here by F; and F, for the force and M; and M, for the moment.
Thus, Egs. (31) can be written for one segment as

(F, — F)/Ax+kF =0
(M, — M))JAx + kM + & F =0 (38)

where Ax is the segment length along x,, and

F=(F+F)/2, M= (M, + M))/2, k=TM (39)

It can be shown that this discretization scheme is identical to that
describedfor the weakest possible mixed finite element formulation,
which uses piecewise constant shape functions for all unknowns
on the interior, discrete values of the unknowns at the ends, and
piecewise linear test functions. This formulation is described in
Ref. 4 and was used subsequently in several contexts>7

This scheme is second-orderaccurate along the beam. Moreover,
for the rigid body, this scheme representsan implicit time-marching
algorithmthatis second-orderaccurate. In each case, it satisfies the
appropriateconservationlaws. Thatis, the time-marchingalgorithm
for the rigid body is both energy and momentum conserving. This
is important in the time domain to guarantee numerical stability.!
Exactly what the satisfaction of these integrals implies in the space
domain for the beam statics problemis not as clear. However, failure
of a proposed solution to satisfy these integrals would cast doubt on
its accuracy. Specifically, for finite element schemes, although its
implications across a single element are less clear, these integrals
should be satisfied at least in the limit of a fine mesh.

Discretization Scheme That Satisfies
the Space-Time Conservation Laws

A far more interesting situation arises for the nonlinear, space—
time treatment of beams. To generalize the preceding to a scheme
that satisfies both conservation laws, the same scheme is applied to
a rectagular element of the space—time domain such as that shown

If af if
Im| am rm

— >
Is as rs

Fig. 3 Schematic of space-time finite element.

in Fig. 3. Here, the subscripts /, a, and r are retained for the left,
average, and right values of any variable in its spatial x; variation,
whereas s, m, and f refer to starting, mean, and final values for any
variable in its temporal # variation. By the use of this scheme for a
rectangular space—time element, a variablesuch as F has fournodal
values: Fy,, F,,, Fi;, and F;. The values along the edges are taken
as the average of the nodal values on that edge such that

Em = (Es + E/)/z»
Foo = (Fis + Fy)/2,

Fo=(Fs+Fp)/2
Foyp=(Fy+ Fp)/2  (40)
Furthermore, the value on the interior of the element is

Fonw = (Fas+Fop)/2 = (Fin+Fon) /2 = (Fs+Fy+Fs+ Fp)/4

(4D
Such relationshold for variables M, V, and 2 as well. The intrinsic

equations of motion along with the intrinsic kinematical equations
are written in difference form as

(Fon = Fin) /| A% + Ko Fa + fum
— (P — Pus)/ At = Qu Paw = 0
(M, = Myy)/ Ax + KoMy + @)+ Vam) Fam + M
— (Hy — Hy)/ At = Qo Hy — Vi Pam = 0
Vo = Vi) / AX + Ko Vaw + @1 + Fam) Lam
= Vay = Vas)/ AT =0

(Qrm - le)/Ax + Ieam Qam - (Ka/' - K‘”)/At =0 (42)

where f, m, k, and the section constants are taken as constantover
the space—time element and At is the time step.

For the special cases of longitudinal and torsional dynamics of
rods, one can prove that this scheme satisfies both space-time con-
servation laws. This involves simply substituting the discretized
equations of motion and kinematical equations directly into the
conservation laws, which are satisfied identically. Unfortunately,
for more general cases, because of nonlinear terms and complicated
algebra, it does not appear to be possible to prove analytically that
this discretization satisfies the conservation laws. However, the au-
thor investigated this by undertaking a numerical solution of the
element equations. A wide variety of loading conditions and values
for initial curvature and twist were substituted into numerical solu-
tions for the general case of Egs. (42) and were verified to satisfy
both conservationlaws to machine precisionin every case tried. Of
course, a complete study of the implications of this observation is
beyond the scope of this paper.

As with the special cases, the failure of a converged result from
any discretizationscheme to satisfy these laws would certainly cast
doubtonits accuracy.Itis also possible that these laws could be used
toindicateregions of high errorin the space—time domain. Although
the satisfaction of these laws at least appears to be necessary in
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some sense, there is no claim here that these laws are sufficient
for accurate time simulation of the nonlinear dynamics of beams.
High-frequencydissipation must be built in to any general-purpose
scheme for time-marching of such equations.!”

Conclusions

A formulationfor the nonlineardynamicsof beams, basedonly on
intrinsic equations, has been presented. The main advantage of this
formulation appears to be that the nonlinearities are of a lower de-
gree. This is because one need not introduce finite rotation variables
unless the loads or boundary conditionsdepend on orientation.Even
when they do, however, it is possible in some cases to circumvent
the introduction of a full set of finite rotation variables. Advantages
of this formulation are demonstrated through setting up a noncon-
servative stability problem. Also, the formulation naturally leads to
two space-time conservationlaws, one of which is the usual work—
energy relation and the other of which is an apparently new gen-
eralized impulse-momentum relation. The work—energy relation is
already known to facilitate the construction of energy-preserving
and -decaying time-marching schemes in flexible multibody dy-
namics.

The similarity of the spatial and temporal operationsto each other
in all governing equations, as well as of those in the equations of
motion to those in the kinematical equations, suggests a parallel
approach to space—time discretization. By the use of the Kirchhoff
analogy, it was shown that a time-discretizationscheme for the non-
linear dynamics of rigid bodies can be used in space for the nonlin-
ear static behavior of beams. Both of these schemes satisfy integrals
of motion or deformation appropriate to the specialized problem,
which for the dynamics problem exhibit conservationof energy and
of one component of angular momentum. Of these two, only the
conservation of energy can be derived from one of the space—time
conservationlaws, butit actually comes from a specializationof the
new conservationlaw, not the work—energy relation. Remarkably, a
straightforwardgeneralizationof these discretizationschemes leads
to a space—time discretizationscheme that satisfies both space—time
conservationlaws. Evidently,both space-time conservationlaws are
potentially useful in checking numerical algorithms and indicating
error. Additional uses for them will be considered in future work.
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